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Coulomb Green function with a definite value of L_{
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Abstract. An integral representation is obtained for the Coulomb Green function belonging
to a definite value of L,.

The purpose of this paper is to write down the Coulomb Green function which
corresponds to a definite value of the operator

L, =(rxp)..

According to Hostler and Pratt (1963) the Green function G(r,, ry, w), which is a
solution of the differential equation:

[V3+Q2kv/r)+k*]1G(ra, 11, w) = 8(ry~ 1y)

v=(ka) " a;=4mh*(mze)™"; k =Qmw/h)"? Imk>0 (1)
is given by:

__TId-iv) L(_i i) _ -
G(l’z, ry, w)" 417_"2_’1' ik 8y+ax “/iv;l/Z( lkx)Miv;l/Z( lk}') (2)

which satisfies the following boundary conditions at the origin and at infinity:
’é/zG(fz, r,»)->0
asr,~>0

rénrz V.G(ry, r, 0)>0

r2G(r27 ry w)_)o
for ry—» 0
r; . VoG(ry, 1y, 0) >0
with
x=r1+r2+|r2—r1|, y=r1+r2—|r2—rlf.

Now let us write the above expression in cylindrical coordinates:

1 +00
G(ry,r,@)==— Y G"(p222, p121, @) explim(ds— ¢1)]. (3)

27 mSleo
Introducing:
A== 4)
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we have:

dx _pipasinA_ dy

dA Ifz—l'li da (5)

and therefore equation (2) can be written as:

I'Q-iv) 1 1 d
4mpip, ik sin A dA

G(ry, ry, @)= — [Wiu;1/2("ikx)Miu;l/z(—ik)’)]- (6)

As x>y we can use the following representation for the product of two Whittaker
functions (Buchholz 1969, equation (50)):

Wi, 12(a18)M,.1/2(axt)

= ——If(lal?s) j exp[—3(a, + a,)t cosh v] coth® Gv)I1(tva,a, sinh v) dv
- 0

9

with t=—ik; a;=x; a,=y.
Then equation (6) gives

47 PPz sinA dA

x J expl3ik(x +y) cosh v Nyl (~ikvxy sinh o) coth®” o) dv.  (8)
0
Let us recall that:

Xy = 2r1r2+22122+2p1p2 COSs A
x+y=2(r1+r2) (9)

and therefore it follows that (see also Hostler 1964):

1 ® iv . .
G(ry, 1, w) =E I do coth® Go)(ik sinh v)

0
x explik (r, + r») cosh v]Io(=ikvxy sinh v). (10)
Now, as we have:
Io(z) = Jo(iz)

and also, by Graf’s addition theorem (Erdélyi 1953, equation (5)),

Jo@)= 3 Tn(E)Tm(Es) explima) (11)

m=—00
with:
o =(E3+£3-2£,£ cos A)V? = (xyk? sinh v)"/%
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Equation (10) can be written as:

+00

1
G('Z’ ri, 0)) =3 Z exp(lm/\)

2 m=-

x% j dv coth?” (v)(ik sinh o) explik (r1 + r2) cosh vV (€)Jm (&) (12)
(1]

&> &

Comparison with equation (3) gives:

G™(p2z2, 121, @)
=% I dv explik(r; + r2) cosh v] coth™ Gv)(ik sinh v)J, (E)Im(£2) (13
0

where:
& =2""k sinh U[(’1’2+2122+P1P2)1/2+(’1T2+2122_P1P2)1/2]
&H= 27'?k sinh U[(f1f2+2122+9102)1/2‘ (rra+z122—p1p2)"?].

This Green function can have some applications. For instance by writing down the
integral equation for the wavefunction of an hydrogen atom in an external uniform
magnetic field, with the help of the Green function equation (12), the bound state
energies and the corresponding wavefunctions can be obtained by solving numerically
the corresponding homogeneous integral equation.

In similar kinds of problem which involve only one variable this is easily handled and
we obtain rather accurate energies as well as wavefunctions, at least for the lowest states
(Byron and Fuller 1970).

In our present case, from the computational point of view the problem is more
difficult since the corresponding wavefunctions y,,, depend on two variables p; and z,.

Similar considerations hold if we take as the Green function that corresponding to a
free electron in an uniform magnetic field (Bellandi and Zimerman 1975).
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